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In this paper we are concerned with two systems of coupled KdV equations, 
namely the Hirota-Satsuma system and the Gear-Grimshaw system. 

First we consider local well-posedness (LWP) and ill-posedness of the initial 
value problem (IVP) for the following system: 



known as the Hirota-Satsuma system which was introduced in [10 to describe the 
interaction of two long waves with different dispersion relations. Here a, b are real 
constants, and u, v are real- valued functions of the two real variables x and t. System 
(|1.1[) is a set of coupled Korteweg-de Vries (abbreviated KdV henceforth) equations, 
and it is a generalization of the KdV equation (which is obtained when v = 0) . The 
Cauchy problem associated to (|1.1[) , for the real and periodic case, was previously 
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studied by P. F. He [9], for 6>0, — l<a<0, and considering Sobolev indices 
s > 3. It deserves remark that system has the following conserved quantities: 

n+tx> 1 , 

7(u,«) = y (~p u * + {l + a)u 3 -buv 2 )dx, (1.2) 



— OO 

+oo 



F(«,v) = / (u 2 + ^w 2 )dx. (1.3) 



oo 



Later, Feng [5] considered the initial value problem for the following system: 

u t - a(u xxx + 6uu x ) = 2bvv x , 

v t + v xxx + cuv x + dvv x = 0, (1.4) 

u(0) = Uq, v(0) = V , 

which reduces to the Hirota-Satsuma system when c = 3 and d = 0, always assuming 
that a 7^ 0. LWP of the IVP associated to system (|1.4p was obtained, for initial data 
(u ,v ) G H s (R) x ff s (M) for s > 1, with a + 1 ^ and be > 0. Moreover, global 
well-posedness (GWP) for system (|1.4|) was also proved (see [6]) in iJ s (R) x H S (M.) 
for s > 1, if — 1 < a < and 6c > 0. 

The second problem we will consider here is related to the local well-posedness 
of the IVP for the Gear-Grimshaw system given by 

u t + u xxx + a 3 v xxx + uu x + axvv x + a 2 (uv) x = 0, 

M* + v xxx + b 2 a 3 u xxx + vv x + b 2 a 2 uu x + & 2 ai(™0:r + rv x = 0, (1.5) 
u(0) = Uq, v(0) = v , 

where 01,02,03 £ R, r £ 1, and o l7 6 2 > 0; u = u(x,t), v = v(x,t) are real-valued 

functions of the two real variables x and t. System (|1.5I) was derived in (see 

also [3] for a very good explanation about the physical context in which this system 

arises) as a model to describe the strong interaction of two-dimensional, weakly 

nonlinear, long, internal gravity waves propagating on neighboring pycnoclines in 

a stratified fluid, where the two waves correspond to different modes. Bona et 

al. [3] proved GWP of the IVP associated to (jl.5[) with initial data belonging to 

H S (M.) x H S (R) for s > 1, assuming r = and |a 3 | < Later, Ash et al. 

P] considered GWP of (JOJ) in L 2 (M) x L 2 (R) supposing r = and |o 3 | + l/Vh 

(see Section [3TTI - (2 )). Further, Saut and Tzvetkov [T7] considered GWP of system 

(13. ip for initial data (uo,vo) € L 2 (R) x i 2 (K), assuming that r ^ and that the 

matrix (fly)ij£{i,2} nas rea l distinct eigenvalues (see Section 13.11 (1)). Recently, 

Linares and Panthee [15], by using the bilinear estimate of Kenig, Ponce, and Vega 

P] . showed LWP for system (J33]) with initial data (u ,u ) G i/ s (M) x i/ s (M) for 

s > —3/4 (see Section [33J- (2), and Remark l3.H -ii.)V Solutions of (|1.5p satisfy the 

following conservation laws: 

/-foo r-\-oo 
udx, $ 2 (v) = / vdx, <J> 3 (w, v) — I (b 2 u 2 + biv 2 )dx, 
-00 J —oo J —oc 

f+00 , u 3 ^3 . 

$4 («,«)= / ^2 w x ~^~ v x J i~ 2b 2 a,3U x v x — b 2 — — b 2 a 2 u 2 v b 2 a\uv 2 — — rv 2 j dx. 
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We say that the IVP 

f d t u(t) =F(t,u{t)), 
\ -5(0) = m 

is locally well-posed in X (Banach space) if there exist T = T(||mo||x) > and a 
unique solution u{i) of the corresponding IVP such that 

i. ) ueC([-T,T];X)nY T =X T ; 

ii. ) the mapping data-solution uq i— > u(t), from {vq £ X; \\vo\\x < M} into Xt is 
uniformly continuous for all M > 0; i.e. 

VM > 0,Ve > 0,35 = $(e,M) > 0, ||tt - v \\x < 8 then \\H - v\\ Xt < e, 

where ||uo||x < M and ||ub||x < M. 

We say that the IVP is globally well-posed in X if the same properties hold for all 
time T > 0. If some hypothesis in the definition of local well-posedness fails, we 
say that the IVP is ill-posed. 

This paper is organized as follows. In Section 2 we use Banach's fixed-point 
theorem in a suitable function space and the theory obtained by Kenig, Ponce, 
and Vega, to prove LWP to system (jl.ip . for any a,b S K, with initial data in 
H S (R) x H S (R) for 3/4 < s < 1. We also show that system {LTJ with a ^ is ill- 
posed in iJ s (R) x H s ' (M) for s e [-1, -§), and s' el. We begin Section 3 with a few 
comments to scale changes carried out previously concerning the Gear-Grimshaw 
system. Thus, we introduce some Bourgain-type spaces X^ b for a^0, and s, b € K. 
Moreover, we prove some new mixed-bilinear estimates involving the two Bourgain- 
type spaces Xj b and X~ 6 corresponding to dt — d^. and dt + d% respectively, to 
obtain LWP for the Gear-Grimshaw system (|3.ip with r = 0, ai2 = «2i = 0, 
an = -a 2 2 ^ 0, and initial data in H S (R) x i/ s (R) for s > -3/4 (see Theorem 
13.21 below) . We remark that these mixed-bilinear estimates (see Proposition 13. 2p 
presented here are not an immediate consequence of the estimates proved by Kenig, 
Ponce, and Vega in [T2] (see Remark 13.21 and Remark l3.41 ii.)V Finally, we notice 
that system is treated separately from system (|1.5p because the nonlinearity 
in (jl.ip has the non-divergence form, while the one in (|1.5| has the divergence form; 
a possible difficulty with regard to the LWP of (|1.1|) in lower Sobolev indices could 
be related to the obtention of a suitable bilinear estimate for the nonlinear term in 
the second equation of (jl.ip . 

Notation: 

• / = : the Fourier transform of / (3 r ~ 1 : the inverse of the Fourier transform), 
where /(£) = ^= / e~ i(x f(x)dx for / e L 1 (R). 

• || • || s , (-,-)s : th e norm and the inner product respectively in H S (M.) (Sobolev 
space of order s of L 2 type), s E R. = J(l + |£| 2 ) S |/(£)| 2 C 

|| • || = || • 1 1 o - the L 2 (R) norm. (•, •) denotes the inner product on L 2 (R). 
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• B(X, Y): set of bounded linear operators on X to 7. If X = Y we write B(X). 
I ' \\b(x,y)- the operator norm in B(X,Y). 

• L p = {/;/ is measurable on R, ||/||z,p < oo}, where ||/||z,p = (/ \f{x)\ p dx) 1/p if 
1 < p < +oo, and ||/||l~ = esssup^gR |/(x)|, / is an equivalence class. 

• C(I; X) : set of continuous functions on the interval I into the Banach space X. 

• ll/IU^S = (/ T T ll/(-,t)III P *) 1/9 , \\fhiU& = \\fh*i* ifT = +oo. 

• ll/lki* = |j(/-rl/0»*)l**) 1/9 |L-. WfWULi = WfWm ifT = +oo. 
. (£> = l + far £ e R. 

• Let A, B be two n x n matrices. A~B iff 3 T £ GL(n), T _1 AT = B. 

2. On the Hirota-Satsuma System 

2.1. Local Well-Posedness. Let us denote by 

C/ a (<) = e at9 ', = e- Mt « 3 0(O for 4>eH a (R), (2.1) 

the group associated with the linear part of the first equation of system (|l.lj) . We 
note that U(t) = f/_i(i) is the group associated with the linear part of the KdV 
equation. Next theorem proves LWP to system (jl.ip in suitable Sobolev spaces. 

Theorem 2.1. Let a ^ and 3/4 < s < 1. XTien /or any Mo,«o € i/ s (IR), there 
exists T = T(||uo|| s , H^olU) > (with T{p,rf) — > oo as p — » 0,?7 — > and a unique 
solution (u,v) of problem such that 

u,v£C([-T,T];H s (R)), (2.2) 
u x ,v x £L*,L™, (2.3) 

DX,%6^4, (2-4) 
u,v£LlL™, (2.5) 
itx^xeLS ^. (2.6) 

For any T' £ (0,T) i/iere exzsi neighborhoods V of uq in H S (M.) and V' of vq in 
H S (M.) such that the map (uq,vo) h- > (m, - ?) /rom V x V' into the class defined by 
| QO| )-| 0O| ) wii/i T" instead of T is Lipschitz. 

Ifuo,vo £ H r (M.) with r > s, then the above results hold with r instead of s in the 
same time interval. 

Moreover, from the conservation laws (l.ty) and (1.3\) we can choose T = +oo at 
least for s — 1, for a + 1 > and b > 0. 

Proof. Let | < s < 1. Given ret and T > 0, let us define 

A rO) = inax |K*)||r + + ||-D> x || igoi 2 

+ (1 + T)- 1/2 |MIl^ + • (2-7) 



SOME SYSTEMS OF COUPLED KDV EQUATIONS 5 

Denote |||(u,w)||| = A^(u) + Ag(v). We consider the space 

X T = {(«,«) G C([-T,T];H S (R)) x C([-T,T]; H S (R)); \\\(u,v)\\\ < 00} 

and Xfj = {(u,v) G X T ; \\ \(u, v)\\\ < M}. Let us write the integral equations 
associated to problem (|1.1[) 

( *i («,«)(*) = U a {t)u + J* U a {t - t')(Gauu x + 2bvv x ){t')dt', 
\ $ 2 {u,v)(t) = U(t)vo-3f*U(t-t)(uv x )(t')dt'. 

We will prove that <I> : X^ h-> Xj { , where $(u, u) = (<I>i(u, v), <5> 2 (u, u)), is a 
contraction map for suitably chosen M and T. We have the following inequalities: 

||l/„(t)uo||r < c IKI|r for rel, (2.8) 
\\D r x d x U a {t)u Q \\ LTLl < -iL_||£>> || forrel, (2.9) 

\\d x U a (t)u \\ L , LT < i^pKHr for r> 3/4, (2.10) 
||^«(t)«o||^£Sf < c {atr) (l + T) l / 2 \\u \\ r for r> 3/4. (2.11) 

Expression (|2.8[) is a group property. Inequality (|2.9[) is a consequence of The- 
orem 4.1 in [11]. Expression (|2.10[) follows from Theorem 2.1 in [11]. Estimate 
([2~TT]) is obtained by using Proposition 2.4 in 14J. It follows from (f231) - (j2TTj) that 
Xj(Ua(t)u a ) < c\\u \\ s . Let (u,v) € Xjj. Then 



Ai(*i(u,u)) < c\\u \\ s + c \\(uu x )(r)\\dT + c \\D%(uu x ){T)\\dT 



\\(vv x ){T)\\dr + c \\D s x (vv x )(T)\\dT. (2.12) 
Jo 

Choose M = 4c(||uo||s + H^olU)- It follows that 

\\uu x \\ LlLl < \\u x \\ l ~ L 2 t \\u\\ L 2 L¥ <M 2 {l + T) 1 ' 2 . (2.13) 
Now, by using Theorem A. 12 in [12] and Holder's inequality, it follows that 
\\D s x (uu x )\\ L ^ L 2 < c\\\\u x \\ l ~,\\D x u\\ L 2\\ l2t + \\u\\ L 2 L¥ \\D x u x \\ l ^ L 2 t 

< cT^HD'ull^llt^ll^. + M 2 (l + T) 1 ' 2 

< cM 2 (T 1/4 + (l + T) 1/2 ). (2.14) 

By replacing (|2.13[) and (|2.14[) (and similar estimates for v) into (|2.12[) we obtain 

M 

Aj (*i(u,t;)) < — + cM 2 T 1 ' 2 {T 1 l i + {l+T) 1 ' 2 ). (2.15) 

By choosing T > small enough such that T 1 / 2 (T 1 / 4 + (1 + T) 1 / 2 ) < -^j, it 
follows that < ^. Similarly we have that Aj(® 2 (u,v)) < 4f. Then, 

for M > and T > chosen as above, $ is a well-defined map from Xj^ to itself. 
Analogously, we prove that $ is a contraction map. The rest of the proof is similar 
to the proof of Theorem 2.1 in [12]. □ 
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Theorem 2.2. Let a = and 3/4 < s < 1. Then for any uq,vq G H s (M), there 
exists T = T(\\uo\\ s , \\vq\\s) > (with T(p, rf) — > oo as p — > 0, n — > Oj and a unique 
solution (u,v) of problem such that 

u,v&C{[-T,T]-H s {R)), (2.16) 

v x G i^r, (2-17) 

G L~2£, (2.18) 

u,v£L 2 x L^, (2.19) 

Us G L~£t- (2.20) 

for any T" G (0,T) i/iere exist neighborhoods V of Uq in H S (M.) and V' of vq in 
H S (M) such that the map (uq,Vq) <— > {u,v) from V x V into the class defined by 
WJS\) - l2Jd\) with T instead ofT is Lipschitz. 

IfuQ,vo G H r (J3L) with r > s, then the above results hold with r instead of s in the 
same time interval. 

If s = 1 and b > 0, then we can choose T = +00. 

Proof. Let 3/4 < s < 1. Let Af (•) be the norm defined by (12. 7|) . Denote by 

Af (u) = max ||u(i)|| s + \\u\\ L 2 L¥ , 

and |||(w,u)|| = A^(u) + A^(u). Let X T and Xj^ be defined as in the proof of 
Theorem 12.11 Let us now consider <£>(«, v) = w), $2(u, w)), where 

f $1 («,«)(*) =u + 2o J *(w :c )(f)rft / , 

\ $ 2 (u,?;)(t) = C/(t)uo-3/ *C/(t-f)(w« a )(f) ( if. 

Let (it, u) G Xjj. Then 

Af(# 2 («,«))<c||wD||, + c/ ||(uw B )(T)||dT + c f \\D & x {uv x ){ T )\\dT. 

Jo Jo 

We see that 

||wx|U|,i,2 < ll^lk^llwlUiioo < M 2 . 
Now, using Theorem A. 12 in [12] and Holder's inequality, we get 

\\ D xi^ x )\\ L ^ L 2 < c\\\\v x \\ l ~\\D x u\\lz\\ L 2 t + \\u\\ L 2 L¥ \\D s x v x \\ LrL 2 T 
< cM 2 (l + T^ 4 ). 

By choosing M = 6c(||u || s + ||«o|| s ) and T > such that T 1 / 2 ^ 1 / 4 + (1 + T) 1 / 2 ) < 
g^g, we obtain Af ($ 2 («, u)) < -y and max[_ TT ] \\$i(u,v)(t)\\ s < Moreover, 

ll*l(«,«)|U»i« < ||«o||+26||/ |(OT x )(T)|dT|Uj < || U0 1| +CT 1 / 2 || OTx || i|L , 

JO 

M 1/99, s 1 /•> M 

< — + cT 1/2 M 2 1 + T) 1/2 < — . 
6 3 

Then |||$(u,w)||| < M. The rest of the proof is as for Theorem |2~T1 □ 
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Remark 2.1. In [16] . Sakovich considered the following system: 

u X xx + auu x + bvu x + cuv x + dvv x + mut + nvt — 0, 
Vxxx + euu x + fvu x + guv x + hvv x + pu t + qv t = 0, (2-21) 
u(0) = u , v(0) = v , 

where mq ^ np. This system can be written as 

( U ™A + A ( UU A + A, ( UV A +A 2 ( Ut )=0, (2.22) 

\ v xxx J V VUx J \ vv 'xJ \VtJ 

where 

. fa b \ . I c d \ . I m n \ 

M= \e f)> A i={ 9 h)> A *={ P J" 

Since A 2 is nonsingular, multiplying h2.22\) by A^ 1 , we get 

( Ut ) +A-' ( U ™A + A^A ( UU A +A-'A 1 ( UV A=0. 

\V t J A \ Vxxx J \VU X ) * \VVxJ 

If P € GL{2) is such that P~ 1 A 2 ~ 1 P = diag(ao,ai) : where ao and a\ are the 
eigenvalues of A^ 1 , by making U — {u,v) 1 = PV, we obtain a new system of 
Hirota-Satsuma type. Therefore, similar results to Theorems \2.1\ and \2.2\ are also 
valid for this new system. 

2.2. Ill-Posedness to the Hirota-Satsuma System. Let us remark that if u{x, t) 
and v(x, t) are solutions of then u(x, t) = X 2 u(Xx, X 3 t) and v(x, t) = X 2 v{Xx, X 3 t) 
are also solutions of (jl.ip . This scaling argument suggests that the Cauchy prob- 
lem for the Hirota-Satsuma system is locally well-posed in H S (M.) x H s (R) for 
s, s' > — |. It is not difficult to see that the IVP associated to the KdV equation 

f W t + Wxxx + 6ww x = 0, 
\ w(x, 0) = w (x) 

is equivalent to the IVP 

[ i|- a(u XX x + 6uu x ) = 0, , 2 , 

\ u(x,0) = u (x) = w (-x), 

through the transformation u{x.t) — w(—x, at), for a / 0. Note that if u is a 
solution of (|2.23p . then (u, 0) is a solution of problem (jl.ip with initial data (uo, 0). 
Then, it follows from the ill-posedness result for the KdV equation (see [5]) that 
the mapping data-solution associated to the IVP (jl.ip with a ^ is not uniformly 
continuous in H S (R) x H S '(R), for s e [-1, - f ), and s' € E. 

3. On the Gear-Grimshaw System 

3.1. Initial Comments. (1) We consider the Gear-Grimshaw system given by 

Ut + anUxxx + auVxxx + h(uv) x + b 2 uu x + b 3 vv x = 0, 
v t + a 2 iu X xx + a 22 v xxx + rv x + b±{uv) x + b 5 uu x + b e vv x = 0, (3.1) 
u(0) = u 0l w(0) = w - 
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Suppose r^O. Let A, B and C(U) be the matrices (see [17]) defined by 
A _ ( an ai2 \ g=( ® ®\ C{U) - ^ fo 2 u + M hu + b 3 v 



a 2i 0,22 J ' V r J ' V b 5 u + b^v b^u + b§v 

where {/ = («,«)*. Let T e GL(2) such that T~ x AT = diag(a+,a_), where a+ 
and a_ are the eigenvalues of A, and a+, a_ € R. By making U = TV, we obtain 

V t (t, s) + diag(a+ , a_ )14 ra (i, ar) + (t, x) + C\ {V) (t, sc) % (f , x) = 0, 

v(o) = r- 1 ^, 

(3.2) 

where Si = T~ X BT = (&ij)i,i£{i,2}, Ci(V) = T- x C<(rV)T and t/ = f(0). Let 
K = («i, w 2 )*. If we make the scale change (supposing a + ^ 0, a_ ^ 0) 

vi(t,x) = wi(t, -jj^j, v 2 (t,x) = w 2 (t, 
then W — (wi, u> 2 ) 4 satisfies the following system: 

d lWl (t, -fc) + d% Wl (t, ^3) + ■%d 2 W 1 (t, ^73) + ±fjd2W 2 (t, -^3) + ... = 0, 

diw 2 (t, ) + 9 2 3 W2 (i, -rk) + -fy*&tui(t, + %d 2 w 2 (t, -fc) + ... = 0, 

where c^, for i — 1, 2 denotes the partial derivative with respect to the i-th variable. 
It should be noted that <9 2 u>i is evaluated at the point (t, —573) and <9 2 u> 2 is evaluated 
at the point (t, — rW). Take &i = ... = 6e = in (13.111 . If a+ ^ a_, it follows that 
we should take care in any of the following cases: 

• 612 ^ and d 2 W2{t, -rm) ^ d 2 w 2 (t, -rm), 

• b 2 i^0 and <9 2 wi(£, H73) 7^ 9 2 toi(t, -tW). 

a , a_ 

(2) We now consider the following system (C(U) ^ and r = in (|3.ip ): 

u t + u xxx + a 3 v xxx + uu x + a\vv x + a 2 (uv) x = 0, 
b\v t + v xxx + b 2 a 3 u xxx + vv x + b 2 a 2 uu x + b 2 ai(uv) x = 0, (3.3) 
u(0) = u , v(0) = v Q , 

where a±, a 2 , 03, b±, b 2 are real constants, with 61,62 > 0, 03 7^ 0, and ag6 2 7^ 1- 
We define (see P and [15]): A = {(1 - ^-) 2 + l^i}V2 an d a± = | (1 + -L ± A). 
Consider 

!u{t,x) = ( )u{t, a^ 3 x) + ^v(t,a^ 3 x), 
v(t,x) = {^-)u(t,aj 3 x) - f v(t,al 3 x), 



or equivalently 



u(t, x) = u(t, -^3-) + -^g-), 



(3.4) 



We note that this change of variable is equivalent to the one performed in item (1) 
for W. Take 61 = 62 = 1, <ii = 02 = and 03 = 2 in system (|3.3p . Then a + = 3, 
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a_ = — 1 and A = 4. By using (13.41) . it follows that 

diu(t, 3^ ) + 8iv(t, -x) + d%u(t, 3-^3 ) + 8%v{t, -x) + ^u(t, ^)d 2 u(t, ^) 
-u(t, )d 2 v(t, -x) + 3^73 d 2 u{t, ■gj S )v(t, -x) - v(t, -x)d 2 v(t, -x) = 0, 
9iU(t, 3^3 ) - div(t, -x) + 0f u(t, 30j ) - 3f 0(£, -x) + 3^ u(t, 303 )d 2 u(t, ^) 
+u(t, 303 )d 2 v(t, -x) - 303 d 2 u(t, 303 )v(t, -x) - v(t, -x)d 2 v(t, -x) = 0. 

Then 

diu { t, 303-) + d$u(t, 303 ) + 303u(i, ^)d 2 u(t, 303-) - v(t, -x)d 2 v(t, -x) = 0, 
diV(t, -x) + d§v(t, -x) - u(t, 303-)9 2 w(t, -x) + -^d 2 u{t, ■$j S )v(t, -x) = 0, 
u(0,x) = ^u Q (3^ 3 x) + Ivoi&^x), 
k 0(0, x) = ^uq(-x) - \v {-x). 

Notice that -u(t, )d 2 v(t, -x) + ^jd 2 u(t, ^ )v(t, -x) = d x (u(t, ^ )v(t, -x)), 
where d x ^ d 2 . It follows that, in general, system (|3.3p cannot be written as 

t + Uxxx + auu x + bvv x + c(uv) x = 0, 
Vt + Vxxx + auu x + bvv x + c(uv) x = 0, 

0(0, x) = C-£-)uo(afx) + ^(a'fx), W 
0(0, x) = (^uoia^x) - fv (a]/ 3 x), 

where a, 6, c and a, 6, c are constants. 

Remark 3.1. i.) To prove LWP to a system like 13. 1\) with r = 0, we can work with 
an equivalent system like (see Remark \3.6\) . In this case and ifa+,a- gE\ 

{0}, we can consider the two groups U— a+ (t) = e^^ 01 ^ 19 * and U- a _(t) = e~( a ~^ td:c 
associated to the linear part of system ifff.ff)) (see Theorem \3.1\ and Corollarv \3.1\ for 
the case when \ot+\ — \ct—\). 

ii.) The LWP result obtained in [15] really corresponds to system i3.5\) . To prove 
LWP for the more general case corresponding to system I13.1\) with r — 0, we could 
try to obtain some suitable bilinear estimates (see Propositions lff.il and \ 3.2\ and 
Remark] 3.4[i-) for the case when |a+| = \ct- \ =/= 0). 



3.2. Definiton of JT" b -Spaces. Let a / 0. For s, b € R, X® b is used to denote 
the completion of the Schwartz space §(K 2 ) with respect to the norm 

p+OO f+OO _ ]/ 2 

\\F\\x lb =(l I (r + ae) 2b (0 2s \mr)\ 2 d(dr) , (3.6) 



DC- 



where F{£,t) = {2TT)- 1 J R2 e - i ^ +tT ^F(x,t)dxdt. It follows that X^ coincides 
with the usual Bourgain space X s ^ for the KdV equation (see [4]). 



Lemma 3.1. Let b > 1/2, s > —3/2, and ao, ai € R\ {0} such that ao ^ at. Then 

Kl * Kb- 

Proof. First, we suppose that oq ■ ai < 0. We may assume that ao > 0. 

rai 
L s,& 1 



Case: s > 1/2 - b. Consider v € X"\ n L 2 (R 2 ) such that 



1 
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Therefore 

II iia ^ ft, ^ f ^ d ^ dT 
M\ x «o > c(b, ao) I /rt2ft/ _ , _ 7*tt = °°- 



Case: -3/2 < s < 0. Consider u € X a s \ n L 2 (R 2 ) such that 



l^ T )| 2 - 77w7 Z ,3Mb ' ie (1,66-2) 

Therefore 

£ 6b (Z) 2s - d d£dT _ 



\\u\\ x ao - c ( b ' a o) 



2 



The case ao • ai > follows from the case ao • a% < and from Lemma |4~T1 □ 

Remark 3.2. Lemma \3.1\ implies that the two norms \\ ■ Wx 1 b an d II ' llx -1 are n °t 
equivalent for s > —3/4 and b > 1/2. Then, it follows that Proposition \3.<H below is 
not an immediate consequence of Proposition \3.1[ 

3.3. Bilinear Estimates in X° b -Spaces. 

Proposition 3.1. Given s > — | and a ^ 0, there exist b' 6 (— A,0) and e s > 
such that for any b £ (5,6' + 1] with b' + 1 — b < e s 

\\(uv)x]\x« b , < C(a,a,b,b') JHx» 6 - ( 3J ) 

Proof. The result follows from Corollary 2.7 in [13 , and from the fact that if 
g(x, t) = f{x, ±) then £(£, r) = \a\f(£, -or). □ 

The following lemma contains elementary calculus inequalities. 

Lemma 3.2. If b > 1/2, £/ien i/iere exists c& > swc/i f/iaf 

7/0 < a < /3, and /3 > 1, £/ien there exists ct a ,p) > such that 

dx C (a,/9) 

(l + lx-a'D^ll + lx-al)/ 3 " (l + |a-a'|) Q ' (3 ' 9) 

Proof. To prove (|3 . 8|) we consider the two integrals corresponding to \x — T)\ > \t]\ 
and I x — 77 1 < \rj\. To prove (|3.9[) we may suppose a' = 0, then we consider the 
integrals corresponding to |x| > \a\/2 and \x\ < \a\/2 (see (2.12) in [2]). □ 



Next lemma will be useful for the proof of Lemma 13.51 

Lemma 3.3. If s S [— 1,0], 6' < | — | and 6 > i, then there exists Cjv&^n > 
such that 

Ait l€l 3 - 4s f \y + 2\-^dx 
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Proof, i.) First, we suppose \y + || > 4. Since s < and b > 0, it follows that 



(e(y + 2))-™ J (l + |e| 3 |aJ-(|y + 3/4|V2)2|)2i- 

Since 6 > 1/2, it follows from (f3"l^ that 

(|e| 3 b + 2|)- 4 -/ 3 |y + 2|- 2 -/ 3 |y + 2|- 2 -/ 3 

<M^_c fc ^ 3 ( y + 2 ))-26'|y + 3/4|i/a - C W) | y + 3/4 |i/2 ' 

where in the last inequality we have used &' < | — | and s > — §. 

The case \y + 2\ < 5/2 is immediate. If \y + 2\ > 5/2, then |y + 3/4| > |y + 2|-5/4 > 

\y + 2\/2; hence (/>i(£,y) < C( S)6)6 ,)|y + 2|"T"3 < c (Si6;6 /), for s > -3/4. 

ii.) Second, we suppose — -j < y + § < 0. Since s < and b > 4, it follows that 



41 

| g |f-2 S | y + 2 |- 2s ,+o c rfz | g |f-2 % + 2 |-2 S 

" C& <e 3 (2/ + 2)>- 26 ' 7o (l + z 2 p- C " <£ 3 (y + 2))-^' • 
_ h 

4 ' 



Since l<y + 2<|,6'<0, and s < 0, it follows from the last inequality that 



M^y) < c(.,6) /c3 , _ 2b , < c (s>M , 



where the last inequality is a consequence of the fact that b' < § — j • 

iii.) Finally, we consider the case < y + § < |. Since | < y + 2 < |, s < and 

b' < | — it follows that 



< 



(i + m- 2b ' Jo (i + iei 3 fe + !)ii-^74i) 



Now, we split the last integral into two parts, namely \z\ < \[2 and \z\ > \[2. Since 
2b > |, it follows that 

V2 \z\i( v +l)idz ^ dz dz 

< / -, r-r— 777 < C / 7-7-777 < C. 



/o (i + l£l 3 (y + !)|i-^ 2 l) 2h -Jo \i-z 2 \ 1/2 ~ Jo \i-z\^ 

On the other hand, since z 2 > 2 implies z 2 — 1 > z 2 /2, and by making the change 
of variable x = + j)^ z i it follows that 

+ °° + /-+ 00 dx 

l-z 2 |) 2h - C "i (l + ^ 2 ) 2fc Cfa ' 

□ 



The next eight lemmas will be used for proving Proposition [ 
Lemma 3.4. If b' < —4 and 6 > i f/ien t/iere exists c b > swe/i i/iai 

ici / /■/■ rfCirfn y/ 2 r „ n v 



t3\-b' 
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Proof. Since b > 1/2, it follows from (JSH) that 



dn c b 



Then, it is sufficient to prove that 

\i\ 2 f #1 



(i + \r+e\)- 2b ' J (i + k-^ + 3ca(e-6)i) 2b - c ' 

By making the change of variable r = £ 3 (l + z), we need now to verify the following: 

(i + \?\\z + 2\)-™ J (i + i^ + 3^i(e-Ci)i) 2b - ■ 

By performing the change of variable £i = $,x inside the last integral, and z = 3y, 
and since x — x 2 — j — (x — ^) 2 , it is not difficult to see that the expression we need 
to prove now is the following 

= f dx 



i. ) First, we consider the case \y + 1/4 1 > 1/12. Then 

\£f f dx 

^ ,y > ~ (l + |e| 3 |3y + 2|)- 2 "' J (l + |e| 3 | a; 2 -(|y + l/4|i/2)2|)2 fc - c &> 

where in the last inequality we have used (|3 . 8|) and 6' < 0. 

ii. ) Second, we assume -1/3 < y < -1/4. Since 1 + |£| 3 |3y + 2| > 1 + |£| 3 and 
b> < -1/4, it follows that (1+|e| ig^ 2|) - 3t > < ^ L Then 

, /" +0 ° |£| 3 / 2 dx /•+ 00 dz 



(l + |e| 3 (|y + l/4| 1 / 2 + a;) 2 ) 2fc " °J (l + z 2 ) 2b 
iii.) Finally, we suppose —1/4 < y < —1/6. Since b' < —1/4, and by making the 
change of variable x — (y + l/4) 1 / 2 z, we get 

where in the last inequality we have used the following estimates. Since b > 1/4, it 
follows that (|£| 3 (y + 1/4)|1 - z 2 !) 1 / 2 < (1 + |£| 3 (y + 1/4)|1 - z 2 |) 2h . Then 

^ iei 3/2 (y + i/4) 1/2 ^ < r 72 <c 



/o (i + \H\ 3 (y + V4)|i - ^ 2 l) 2b - Jo |i - ^| x / 2 |i + ^l 1 / 2 

Moreover, since z 2 — 1 > z 2 /2 for z > \/~2, and 6 > 1/2, it follows that 

+ °° |e| 3/2 (y + l/4) 1/2 dz . f +oc 2|C| 3/2 (j/ + l/4)V^dg f +co 2dx 



V2 (l + |£| 3 (2/ + l/4)|l-z 2 |P l + |C| 3 (y+l/4)z 2 "7 1 + x 2 ' 

□ 

Lemma 3.5. If s € [— |,— j], 6' € [— |, | — and 6 > i/ien i/iere exists 
C( s , 6,6') > smc/i £/iai 



r + t 3 )- v {Q->\JJ A (n - C 3 ) 2b (r - n - K - ^) 3 ) 2 ^ " ( ^ b,) ' ld j 
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where A = A(£, t) is defined as 

A = {(a,n) g M 2 ; |6l > l, IC - ft | > 1, \r - n - (£ - &) 3 | < In - £| < k + £ 3 |}. 

Proof. We denote by xr> the characteristic function of the set D. We remark that 
AcCxR, where C = r) = {6 € M; |r — £ 3 + 3fo(£ - &)l < 2|t + £ 3 |}. By 
using p.9p which is valid for b > 1/2, it is enough to get a constant upper bound 
on the following expression 

l£l 2 f l&(£-ft)r a "xc(e,T)«i)d£i 



^' T) - (r + e)- 2b ' (0- 2s J (r~e + ^i(^^i)) 2b 
From now on we assume £ ^ 0. By making r = £ 3 (1 + y), we see that it is sufficient 
to get an upper bound to 

~ MLy) ICI 2 r m-ti)\- 2s Xc(UHi + y))(ti)dt;i 

Now, we make the change of variable £i = £x. Since x — x 2 = \ — (x — i) 2 , we get 



(c 3 ( y + 2)>-^'(o- 2s j (e y + m(t - a)> 2fc 

}f variable 6 = £x. Since x — x 2 = j — (x - 
l£| 3 - 4s f \(x -\) 2 -\\- 2s XD y (x) dx 



2 > 

'- /' I. - -Li- - il 

Mt,V) < ^3(^r 2)) -26' (e) -2 S 7 (e 3 (2/ + 3( l _ (a . _ 1)2 )))2 6' 

where D y = {x; \y + 3(x — x 2 )| < 2\y + 2|}. We denote by E y the set given by 
{x; \y + 3/4 — 3x 2 | < 2\y + 2|}, then we need an upper bound on the quantity 

l£l 3 - 4s r \x 2 -\\- 2s XEy {x)dx 



i.) First, we suppose \y + 2| > 1. We remark that \y — 3x 2 + || < 2\y + 2| implies 



x 



2 1 l ~ 2s < c s \y + 2\- 2s + c s , for s < 0. If y) is given by ([3TT0]) . then we get 



4 



<Pit,y) <e s <t>x{^y)(l+ 1 .oi-a. ) - c (s,M')> 



|y + 2|- 

where in the last inequality we have used Lemma l3.31 

ii.) Now, we assume \y + 2| < 1. In E y we have that \y — ix 2 + || < 2|y + 2| < 2, 
then < x 2 < ^. Hence £ a C [-1, 1]. Moreover, \(y + 2) - (3x 2 + §)| < 2|y + 2| 
implies \x 2 — j\ < | < 3(a; 2 + ^) < 3\y + 2|. Therefore, since s < 0, we see that 

c s |£| 3 - 4s r 1 \y + 2\~ 2 °dx 



H ^ V) - (C 3 (y + 2))- 2 "'(0- 2s i (e 3 (?/ + 3/4-3^))^ - C ^ 6 ')' 
where the last inequality is a consequence of (|3 . 1 0|) . □ 

Lemma 3.6. If s G ( _ f> _ |L G (— 0], and > i wrf/i b' — b < min{-s - 
|,s— i}, £/ien t/iere exists C( St b,b') > smc/i ttai 

1 , rr \e {1+s) m^-^i)\- 2s ^dT ni/2 
(ri - £?> b W7b (£>- 2s (r + £ 3 )- 2h '(r - n - (£- 6) 3 ) 2 ^ " (s ' M,) ' ( j 
where B — B(£i, t±) is defined as 

B = {(£,t) g K 2 ; 161 > 1, > 1, |r-Ti-(£-a) 3 | < |n-^|, |r+£ 3 | < 
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Proof. We remark that in B: |ri + 2£ 3 - - 3£6 (£ ~ 6)1 < 2|n - By the 
inequality (|3.9| . it is sufficient to get an upper bound on the expression 

T(m _ i ( f le^mtiM^ y /2 

1 1 in-zD^u <e)- 2s <ri + 2e 3 -e?-3^i(c-a))- 2b v ' 

where B' = {?£ K; |6| > 1, |£-6| > 1, |n + 2£ a -£-3ftitf-&)| < 2|r 1 -e 3 |}. It 
is not difficult to see that B' = B[U B' 2 , where S( = {£ G 5'; |2£ 3 - 3£6(£ - 6)1 < 
i| n - £\} and 5 2 = {£ G B'; ||n - £ 3 | < |2£ 3 - 3fti« - 6)1 < 3|n - &\}- 
i.) In .B^ we have that: 

hn-&\ < |ti-6 3 + 2£ 3 - 3^6(^-6)1, 



2 



and 



iei<|26 3 -3e6(e-6)l<^|r 1 -6 3 l 



166 - 6)1 < I26 3 - 3C6« - 6)1 < ~ln - 6 3 l 

3 



Since b' < Q, and — | < s < 0, it follows that 



/ / iei 2(1+s) ie6(e-6)r 2s ^\ i /2 



I[Bl) ~ J*. (CP 3 J 



/ /"l T i"^il \ 1/2 



C( B ,y) < 

where in the last inequality we have used the fact that b' — b < — s — I. 
ii.) First, we remark that in B' 2 we have that 

3|£6(£ - 6)1 < I26 3 - 3^6 (£ - 6)1 < 3|n - 6 3 l- 

We define the function = M&.nCf) = n + 2£ 3 - £? - 3£6(£ - 6), for £ G B' . 
We remark that //(£) = 3(£ - Ci) 2 + 3£ 2 = 6(£ - ^6) 2 + §£?• Now : we decompose 
B' 2 into two parts: B' 2 i and i3 2 2- 

Let B' 21 = {£ G B' 2 ; 1 < |£i| < 10j^]>. In this set we get: 

i + |ti-6 3 I < I6I 3 + 2|2C 3 -3C6K-6)I <c|£| 3 . 

Moreover, since — 1 < s < — i, it follows from the last inequality that 

| C |2(1 +S ) f 



<6- 2s - <0 2( - 2s - 1} " (r 1 -6 3 ) l( - 2s - 1) 

Since > 3£ 2 , it follows that 



m'(6 - 36 - (n-e^ 
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Then, since b' > — |, and — 1 < s < —1/2, we get 

//(Ode \i 



< 



n - Ci 3 ) h+ * s W Biil (MO)- 26 ' 

c s / f d\x 



lMl<2|n-e?| 

(ri — ° + 3 S 2 

where the last inequality is a consequence of 6' — b < — s — |, and s > — §. 
Finally, we consider B' 2 2 = {£ 6 B' 2 ; 10] ^ j < l^il}- Since — 1 < s < — |, we get 

iei 2(1+s) < i < 1 
<e)- 2s - (o 2( - 2s - 1} - ' 

Moreover, in £? 2 2 we have that 

1 + in - e'l < iai 3 + 2|2e 3 - 3ea(e - eoi < ciai 3 . 

Since /t'(e) > §£ 2 , we see that 



1 c 



M'(e) - ef - (n-e 3 >^ 



, forees^ 2 . 



Then, by using b' > —5, — 1 < s < —1/2, and b' — b < s — g, we see that 
'(£2,2) < t J'L^x < cv 

(n - er) 



Lemma 3.7. If b' < and 6 > ^, i/ien i/iere exists c^, > sitc/i i/iai 
lei / /7 d&dn A 1 / 2 



□ 



(r + e 3 >- 6 ' v yy ( n + e! 3 > 2b (r - n - (e - ei) 3 > 2b 

Proof. Since 6 > ^, it follows from (|3.9p that 



J < c fc . (3.14) 



(n + e 3 > 2b (r - n - (e - ei) 3 ) 2b - - e 3 + 3^ - eo + n 



3\26 1 



Then, it suffices to prove that 

lei 2 r «i 



< c. 



(r + e 3 >- 2b ' y (t - e + - eo + 2e 3 ) 2b 

By making the change of variable r = £ 3 (l + z), and then £1 = £x inside the integral, 
it suffices to bound 

mp \ = lei 3 r dx 

¥>K, >- (i + \z\3\ z + 2\)-w J (l + \^\z + 3{x-x 2 ) + 2x 3 \) 2b ' 
We define the function /t(x) = Hz(x) = 2x 3 — 3a; 2 + 3x + z. Then fi'(x) = 6(x — 
\f + § > §• Since b' < and b > |, it follows that 

^ f z ) < ^ / ^( x ) da: < c \p |3 / ^ = a 

0(4,zj - (e 3 (^+2))-^' y (ew*)) 26 - Kl y <e 3 M) 2b ~ b " 

□ 
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Lemma 3.8. If s G [— |,— |], 6' S [~^if — j] andb> i, then there exists >0 
such that 

lej / /•/• iei(e-6)|- 2s rfn^i y/ 2 ,„ 1(i , 

where A\ — A±(£,t) is defined as 

A, = {(Ci, n) e K 2 ; lai > l, |€ - &| > l, |r - n - (S - Si) 3 l < In + S 3 | < \r + en- 
Proof. We remark that ^cCxl, where C = C(£,t) = {£i € K; |t-£ 3 + 3S£i(S- 
£i) + 2£i| < 2|r + £ 3 |}. Since 6 > |, it follows from (f3"Hj) that it is enough to get 
an upper bound to 

isi 2 r iei(£-d)r 2s xc«,r)(£iRi 



(r + e)- 2b '(o~ 2s J (r-e+ sea(e - a) + 2s 3 ) 2 " ■ 

We assume £ 7^ 0. Now, we make r = £ 3 (1 + y), and Si = £x. Since s < 0, it follows 
that it suffices to bound 

MP )= l^l 3 ' 2S f \x - x 2 \- 2a XD v (x)dx 

(S 3 (y + 2))- 26 ' J (£ 3 (2/ + 3(x-x 2 )+2x 3 )) 26 ' 

where £> y = {x; \y + 3(x - x 2 ) + 2x 3 \ < 2\y + 2|}. We remark that |x 2 - x| < 
|2x 3 - 3x 2 + 3x - 2|, for all x e R. Hence, |x - x 2 | < 3|y + 2|, for x G A,. We 
denote by //(x) = fi y (x) = 2x 3 — 3x 2 + 3x + y. 

i.) First, we suppose \y + 2\ < 1. It is not difficult to see that D y C [—1,2]. We 
now assume that |S| < 1. Since (j,'(x) > §, s < 0, b' < 0, and b > 4, we have that 

" 2 |g|X(x)rfx /• rfz 

-1 " Cs i {z) 2b C(s ' bY 

Next, we consider the case |£| > 1. Since s < and b' < 0, it follows that 

|S| 3 - 2s /■ |j/ + 2|- 2s dx 



</>(£, y) < c s 



\£\- 3b '\y + 2\-»' J (?n y (x)) 



\2b 



< ^\- 2 ^ b '\ y + 2\- 2 ^ b ' J^< C{s , h 

where the last inequality is a consequence of & > | , — \ < b' < | — | , — | <s< — i . 
ii.) Finally, we assume |y + 2| > 1. Since //(x) = 6(x 2 — x) + 3 > |x 2 — x|, and 
s < — 4, it follows that 



(S 3 (y + 2))-^' i Dv (?n y (?)) 2b 

+oc dw 



< c ,(i + isriy+2ir- +26 | y +2r-- 

Finally, since b' < |, s > — §, and & > |, we have that y) < C( s b ). □ 
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Lemma 3.9. If s € (-f> — |L G (— -§,0], <™d & > | with b' ~ b < min{— s - 
|,s — g} } £/ien i/iere exists C( s f,.b') > suc/i i/iai 

1 / /•/• |C| 2(1+a) |^i(e-gi)|- 28 ^dr 
where B\ = _Bi(6,7"i) is defined as 

£?! = {(£, t) 6 K 2 ; |6| > 1, |6~6| > 1, |r-ri-(£-a) 3 | < |n+£ 3 |, |r+£ 3 | < |r 1+ ^|}. 

Proof. We remark that in B x : |ti + 2£ 3 -£?-3££i(£-£i)| <2|ti+^|. Since b > \ 
and b' e [— |, 0] , it follows from (|3.9[) that it suffices to bound 

1 1J (n + 6 3 > h Wb, (0- 2s (n + 26 366 (€ - 6)>- 2b ' J ' 

where Si = 5i(6, n) = {£ € R; |6| > 1,|£-6| > 1,1^ + 2^-^-3^1^-6)1 < 
2|t-i + £ 3 |}. We split B x = £? M U B 1:2 , where 

fix,! = {eeS 1 ;|2e 3 -3^ 1 (e-6)-26 3 |<7^|n+6 3 |}, and 

Bi,a = {£eS i; i|T 1+ £ 3 | < |2^ 3 -3^i(C-Ci)-2^| <3|r 1+ C 3 |}. 



i.) In i we have that: 

\\ri+ei\ < in-6 3 + 2c 3 -3ca(e-6)i. 

Since 2£ 3 - 3£6(£ - 6) - 2£? = (£ - 6)(2£ 2 - £6 + 2£f), we also have that 

lei < \mz - 6)1 < |2e 3 - 3C6(e - 6) - 2c 3 i < -in + e 3 1. 



Since b' < 0, and — | < s < 0, it follows that 



r,/ / /-l Tl +£il \i/2 

'<*••> s WTW^ H < 1 + ? » 2+4 -"«) 

C( fl ,h') . 
" (ri+e 3 ) 6 -"'- 1 - 5 " ^ 
where in the last inequality we have used the fact that b' — b < — s — I. 
ii.) In B12 we have that 

|£| < - 6)1 < |2£ 3 - 3£6(£ - 6) - 26 3 | < 3|n + 6 3 l- 

We define the function = M6,ri(0 = n + 2£ 3 - £? - 3£6 (£ - 6)- Then 

^'(6 =3(£-6) 2 + 3£ 2 = 6(£-±6) 2 + f£i 2 - We see that B lj2 = fl^UB?^, where 
fl},2 = e fli, 2 ; 1 < 161 < 10|€|}, and B 2 2 = e B 1>2 ; 10|C| < |6 1}« The rest 
of the proof is similar to the proof of Lemma l3~6l ii.). Since — | < s < — ~, 6' > — | 
and b' — b < —s — |, it follows that I(Bl 2 ) < C( s ^/). Finally, since — 1 < s < — i 
&' > — | and &' — 6 < s — ~, we have that I{B\ 2 ) < c (s,&')- ^ 
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Lemma 3.10. If s G [— |,— |], b' G [— -|, | — |] and b > i, £/ien £/iere exists 
c (s,b) > smc/i i/iai 

ici / /•/• ift(g-6)r 23 rfn<%i y/ 2 ^ ,„ 17 * 

(r + e 3 )- b '(0- s WA 2 (ri-e?) 26 (r-n + (^-ei) 3 ) 2 ^ " (s ' b) ' 1 j 
where A 2 — A%[^,t) is defined as 

A 2 = {(£i,n) g M 2 ; [Cx| > 1, |f- &| > 1, |r - n + (£ - 6) 3 | < |n - C?| < |r + £ 3 |}. 

Proof. It is not difficult to see that A 2 C C x K, where C = C(£,t) = {£i G 
R; |t + ~ 3fi£(£ - 6) - 2^ 3 | < 2|r + £ 3 |}. Since & > |, it follows from (O that 
it suffices to bound 

^l 2 f ICl(C-6)|- 25 XC( S ,r)(6)^l 



<r + e 3 )- 2h '<0- 2s J (r + e- Hti « - 6) - 2£ 3 ) 2 " ■ 
We assume £ 7^ 0. Then we make r = £ 3 (— 1 + y) and £1 = £x. Since s < 0, we see 
that it is sufficient to bound 

S(F \ = l^! 3 ' 2S f \x-A- 2s XE y {x)dx 

- (t*y)-W J (£3( y _ 3 ( x _ x 2) _ 2x 3 )) 2b ' 

where £7 y = {a;; \y ~ 3(x — x 2 ) — 2x 3 | < 2|y|}. We remark that \x 2 — x\ < |2x 3 — 
3x 2 + 3x\, for all i£i Hence, \x — x 2 \ < 3|y|, for x G E y . The rest of the proof is 
similar to the proof of Lemma 13.81 

i. ) If \y\ < 1, then E y C [-1,2]. First, we suppose that |£| < 1. Since s < 0, b' < 
and & > 5, it follows that < c (s,6)- Next, we assume that |£| > 1. Since 
s G [— |,— j], 6' G [— |, f — j] and 6 > |, we obtain that (f>(£,y) < C( s ,b)- 

ii. ) Since s G [-§,-3], < | and b > \, we get (f>(£,y) < C( s ,b) for |y| > 1. □ 

Lemma 3.11. If s G (— §,— \], b' G (— 1,0], and 6 > | with b' - b < min{— s - 
|, I — |} ; i/iera </iere exists C( Sl b,b') > smc/i i/iai 

1 , /•/• |a 2(1+s) l^i«-ei)|- 2s ^r Ni/a 



(n-e?) 



^) b yJJ B2 (0- 2s (r + a- 2b '(r-n + (C-6) 3 ) 2 ^ - CW) ' 
where B 2 = B 2 (^i,ti) *s defined as 

B 2 = {(£,t) G M 2 ; |6| > 1, > 1, |t-t 1 + (£-£i) 3 | < In-^l, |r+£ 3 | < |n-^ 3 |}. 



Proof. In S 2 we have that |n + 3££i(£ - £1) + £?| < 2|ti - Since 6 > ± and 
&' G [—3,0], it follows from (|3.9[) that it is sufficient to bound 

1 2j (n-e?) 6 WB 2 (e)- 2s (n + 3«i(e-a) + c 3 )- 2b v ' 

where B 2 = B 2 (£i,n) = e R; |&| > > 1, In + 3fti(£ - 6) + Ci I < 

2|n - £ 3 |}- We see that B 2 = B 2 ,i U B 2: 2, where 

Ba,i - {eeB 2 ;|2C 3 + 3ea(e-6)l < - and 

s 2 ,2 = {ees a ;i|n-cf| < 12^ + 3^(^-6)1 <s\ri-ei\}- 
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i. ) In I?2,i we have that 

\\n-&\ < \n + 3^-^)+ei\, and 
ICI < - 6)1 < |2^f + Kbit - 6)1 < 

Since 6' < 0, — | < s < and b' — b < — s— |, it follows that L(B 2 ,i) < C( s ,b')- 

ii. ) In i?2,2 we see that 

ICI < - 6)1 < |2£i 3 + 3£6(£ - 6)1 < 3|n - 

We define the function = /i fl;T1 (£) = r x + 3£6(£ - 6) + Ci- 

First, we consider 2 = {£ e S 2j2 ; ^ < |6| < 100|^j >. In this set we have that 

fa - 6 3 > < iai 3 + ml + x&it - 6)1 < ciei 3 . 

Since s € [—1, —5], it follows that 

^^<(0 2+4s <c s (r 1 -^)l+^. 

Since 3£i(-f? - 4ti + 4/i) = (66£ - 36 2 ) 2 , it follows that = |66£ - Ht\ 

V / 3a(-?i- 4r 1 +4 M ). Then 

L /gi ^ < c * f /" ^ y 

' " (n-C?>^*-* W| P |<a|^-£fl VI€i||-^-4t- 1+ 4H (ji)-™ > 

c s {n-g)- b -i+i , r df i 



|6|* W M < 2 | Tl -£ ? | + ( M )2(i-(i+fe')) 



|6l*(6 3 + 4ri)i " ; (6 3 +4ri)t 
where in the second inequality above we have used (2.11) in [13], and b' > — |; the 

s _ 3 
3 4' 



last inequality above is a consequence of the fact that b' — b < - 



Secondly, we consider £?f 2 = {£ e £2,2; 1 < 161 < 4 }• I n this set we have 
(ri - C 3 ) < c|C| 3 and < - 

Since s 6 [—1,-4] and 6' > — i, it follows that 

(ri-^)-b-f+fc'+t 



L ( B 2,2) < C (s,fe' 

e 

Now, we make n = ^ 3 (z — l)/4. Hence 



l£i|*<£!+4n>* 

If 6' — 6 — § + § < 0, thenL(B| 2 ) < c (s>6 /). Thus, we suppose that &'-&-§ + § > 0. 



/f3f z-5 U-fr-f+fr'+l 

L V t >2,2) S: c (s,b')~ 
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Suppose first that \z\ < 1. Then 

L{Bl 2 ) < C(s . M0 M)!_!_!ll < c^wlblW-t-i+b-i < c {sAV) , 
Ifi 1 4 

where in the last inequality we have used the fact that b' — b < | — |. 
Now assume that \z\ > 1. We see that 

Tin 2 \ <r r — 5)) b b 3 + 6 , 3 , 6 /_ 6 _a + ^ 

where the last inequality is a consequence of b' — b < | — | . 

Finally, we consider the set -Bf.2 = {£ £ ^2,2; 100|£| < |£i|}. In _B| 2 we have 

(n - ^) < la i 3 + 2|2e 3 + 3ca(e - &)i < ciai 3 , 

and = |6fiK - 6) + 3^i| > - 3)£? > 2£?. Moreover, the fact that 

s G [— 1,— i] implies that 



Then 



1^ 2(1+S < (£) 2+4s < 1 

(0 -2, - 



(ri-e 3 > b+s laiw^ (M0>- 2b '- 

where in the last inequality we have used b' > — ^ , b' — & < § — § and s > — | . □ 

Remark 3.3. It is not difficult to see that min{— s— |, § — |} < min{— s— |, s— g}, 
/or s > -|. 

The following proposition is the main result of this subsection. 

Proposition 3.2. Given s > — |, there exist b' G (—^,0) and e s > such that for 
any b G (|, &' + 1] wrf/i b' + 1 - 6 < e s 

IKHsllx 1 < c (s,6,6') Nix- 1 ' ( 3 - 19 ) 

||(utt)x||x-^ ^ C (s,6,b') IMIjtJ,,) ( 3 ' 2 °) 

IKuuJxIlx^, < C (s,b,b') \\ u \\xl h ll^llx-J' ( 3 ' 21 ) 

IKHxIlx- 1 , ^ C W) Nix 1 JMIx" 1 ' ( 3 - 22 ) 

where & a j, j,n is a positive constant depending on s, b, and b' . 

Proof. Similar to the proof of Corollary 2.7 in [13]. Here, we use Lemmas 13.4113.61 
to prove (|3.19p and (|3.20[) : the positive number e s is given by 

min{-s- i,s+ §}, s g (-|,-|), 
I, s>0, 

min{-s'-i, S '+f}, sG[-i,0), 
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where s' is any fixed number in the interval (— § , — ^). 

Lemmas l3.7H3.nl are used to prove (|3.2ip and (|3.22[) . Now, we will sketch a proof of 
([3~2"Tj) . We denote by / and g the functions given by /(£,t) := (r + £ 3 ) b (0 s- "(£, t), 
and 5 (C,r) := (T-£ 3 > b <£>^(£, t). Then = || u || x i and|| 5 || L 2 L? = \\v\\ x i. 

The case s > follows from Lemma l377l and from the inequality < (£i) s (£— Ci)"- 
Suppose now that — § < s < — ^ . Then 

4 

IKH^IU^, < c (s , 6 )||u||xij|w|| x -i +c a 53||Jj|| L 3x^, 

where the first term on the right-hand side of the last inequality corresponds to the 
case when |£i| < 1 or |£ — £i| < 1 (which reduces to the case s = 0), and 

T = \s\ ff \m,Ti)\\ g (t - t^r - TjMiit - gorgijn 

3 ' (r + e)- b '(0- s JJc, (ri+€?) 6 ((r-n)-«-ei) 3 ) 6 
where 

Ci = >l,|€-Ci| > l,l(r-n)-(£-£i) 3 | < ln+^1 < |r + £ 3 |}, 

C 2 = {(a,ri);|a|>l,|^-Ci|>l,|(r-ri)-(C-a) 3 |<|T 1 + ^|, 
|r + e 3 |<|r 1+ 6 3 |}, 

C.3 = > > Un + gl < \(r - n ) - - b) a \ < |r + £ 3 |}, 

Ci = {Ki,ri);|$i|>l,|^-Ci|>l,|ri + C?|<|(r-ri)-(e-ei) 3 | 1 

The result now follows from Lemmas I3.8ll3.ll1 The case s G [— ^,0) follows from 
the last case and from the inequality (£) s-s |£i(£ — £i)| s s < c > which holds for 
|£i| > 1 and |£ — £i| > 1, where s' is any fixed number belonging to (— |, —k). Then 

r min{-s-i,f + i}, se (-f.-j), 
e s = < h s> 0, 

□ 

Remark 3.4. i.) Suppose a G K \ {0}. -By making similar calculations as in the 
proof of Proposition \3.1[ it follows that Proposition \3.2\ still holds if we replace the 
super-indices 1 by a and — I by —a and the constant Cu^p) by ci a s j, t y\. 
ii.) Consider the bilinear estimate, \\{uv) x \\ x -i < ci s ^ b')\\ u \\ y- 1 IMI y- 1 * of Kenig, 

s,b' ' ' s,6 s,6 

Ponce, and Vega [13j . In i/ie case |£i| > 1 and |£ — £i| > 1, &2/ symmetry it is 
possible to assume that \t — t\ — (£ — £i) 3 | 5~ l r i — £ 3 | (see ^ e proof of Theorem 
2.2-\l'S\ ), and then we need to consider only two regions of integration A and B (see 
Lemmas 2.5-\l'S\ and 2.6-\l'd\ respectively). We note, however, that in the proof of 
113. 21\) and \3. 22]) there is no such symmetry to assume and for this reason the four 
regions of integration Ci , . . . , C4 ( and Lemmas \3.8W3. were considered. 
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3.4. Local Well-Posedness to the Gear-Grimshaw System. From now on we 

consider a cut-off function -0 € C°°, such that < < 1 and 

1 if \t\ < 1, 
if jtj > 2. 

We define ipT(t) = ip(t/T). To prove Theorem 13. II we need the following result. 
Proposition 3.3. Let s € R, -| < 6' < < b < b' + 1, T S [0, 1], a ^ 0. T/ien 

||^i(i)^a(0 M o||A s " 6 = c (M ,) ||mo|U, (3.23) 

^ a (t-<WV)*'||A % < c^^T^+^IIFIIx^,, (3.24) 

where U a (t)uo(^,) — exp{— mt£ 3 }uo(£). 

Proof. (|3.23|) is obvious. The proof of (]3 . 24[) is practically done in [8]. □ 

We now prove the following theorem: 

Theorem 3.1. The IVP 13.1)) with r — such that A = (ay) ~ al for some 
is locally well-posed for data (uq,vo) 6 i7 s (M) x iJ s (R), s > —3/4. 

Proof. The proof follows from the theory developed by Bourgain [4] and Kenig, 
Ponce and Vega [13]. Since A ~ a/, it follows that an = 022 = a 7^ 0, and 
012 = «2i = 0. Let 

F(u, v) = bi(uv) x + b 2 uu x + b 3 vv x , G(u,v) = b±(uv) x + b 5 uu x + b e vv x . 

We will consider (|3.1[) in its equivalent integral form. Let U- a (t) be the unitary 
group associated with the linear part of (|3.1[) . We consider 

*(«,«)(t) = ($i(«,t;)(i), * 2 (u,«)(t)), 

where 

$i(u,t;)(t) =ip(t)U- a (t)u -Mt) I U- a {t-t')F(u,v){t')dt', 

Jo 

t 



$ 2 (u,v)(t)=iP{t)U- a (t)v -Mt) / U- a (t-t')G(u,v)(t')dt'. 

Jo 

Let s > —3/4. Let 6, 6' be two numbers given by Proposition I3.ll such that 
e=6' + l — b > 0. We will prove that $(u, u) is a contraction in the following space 

* S M M = {(«,«) G X~S x X s 7 b a ; ||(u,i;)|| x -. xX -. < M}, 

' s ,b s ,b 

where || (u, v )\\x~ a xx~ a = IMIa' - " + IMIa - "- First we will prove that $ : X^ b a i— > 
X^ ba . Let (u,w) e b a- By usm g Propositions I3.31 l3.ll and the definitions of 
F(u, v) and Xj^ a we get 

||3i(u,«)|| x -. < C||u ||. + CTlF(u,«)|| JC -. 
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where we took M = 4C(||uo||s+ ||^o||s) and CT e M — 1/4. In a similar way we have 

||* 2 (u,v)|| x -.<M/2. 

Therefore ||$(u, v )\\x- a xx~" — ^ similar argument proves that <I> is a contrac- 
tion. We conclude the proof by a standard argument. □ 



Remark 3.5. Consider the IVP (3.1)) under the hypothesis of Theorem \3.1\ By 
making the scale change of variables u(t,x) = u(t, a 1 ' 3 x) and v(t,x) = v(t, a^-^x) 
we can avoid consideration of the modified Bourgain-type spaces Xf b to prove local- 
well posedness for data Uo,Vo £ H S (R) for s > —3/4. 

Remark 3.6. Here, we keep the notations of Section \3. 1Y (1) . Suppose that r = 
in system (3.1)) . Suppose also that A = (a^ ) ~ diag(a + , a_ ) , where a+ and a_ 
are the eigenvalues of A, with G K \ {0}, a + ^ a_. Suppose moreover 

that the formula d x (u(t)v(t)) — d x u(t)v(t) + u(t)d x v(t) holds for all t £ [0, T] (this 
is true for example if s > 1/2, and u(t),v(t) £ H S (M), for all t £ [0,T]). Under 
these assumptions, we will show that it is possible to obtain system (3.2)) from system 
(3.1)) . with C\{V)V X containing only terms of the form (v\Vi) x , (v2V2) x and (v\V2) x , 
where V — (1)1,1)2) ■ If 0,12 = 0*21 = 0, there is nothing to prove. Then, we suppose 
that a\2 7^ 0; the case 021 ^ is similar. The matrices T and T~ l are given by 

t-( 1 1 ) r-i- fll2 ( ^ 1 ^ 

Then V = ( ail ~ a - u + 012 v , a+ ~ ail u ^—vf. Now, we see that 

c (v)v = ° 12 ( aVl + bv2 bvi + cv ' 2 \ ( dxVl 

1 a + - a- \ dvi + ev 2 ev\ + fv 2 J \ d x V2 

where a,b,c,d,e, f are real constants depending on b^, k — 1, ... ,6, a^j, i,j = 1,2, 
a + and a_ . The result now follows. 

Theorem 3.2. The IVP (3.1)) with r — such that a 12 = a 2 i = 0, a n = -a 2 2 ^ 
is locally well-posed for data (uq,vo) £ H s (Si) x H S (R), s > —3/4. 

Proof. Without loss of generality (see Remark 13.41 -i.^). we consider the case an = 
— 1 and d22 = 1. Let 

F(u, v) = h(uv) x + b 2 uu x + b 3 vv x . G(u,v) = bi(uv) x + b 5 uu x + b 6 vv x . 

We consider <&(u,v)(t) — (<&i(u,v)(t), &2(u,v)(t)), where 

*!(«,»)(*) =ib(t)Ui(t)u -Mt) I Ui(t-i!)F(u,v)(i!)dt!, 

Jo 

$2(u,v)(t)=il)(t)U-x(t)v -il)T(t) I U^(t-t')G(u,v)(t')dt'. 
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Let s > —3/4. Let b, b' be two numbers given by Propositions 13.11 and 13. 2\ with 
e = o' + l— 6>0. Proceeding in a similar way as in the proof of Theorem 13. 1[ using 
Propositions 13. 14 l 3 . 31 it follows that $>(u,v) is a contraction in the following space 

Xf 6 = {(u,v) e xl ;b x x;l- \\{u,v)\\ xl xX -i < M}, 

s,b s.b 

UK v )Wxl b xx;i = HI**, + \Wx-i, M = 4C(||u ||. + ||«o|U) and CT*M = \. □ 
The following result is an immediate consequence of the last theorem. 

Corollary 3.1. Let s > — f . Suppose that r = in VJ.l)) . Suppose also that 
A = (dij) ~ diag(a +1 a-), where a+ and a_ are the eigenvalues of A with aq_, a_ € 
M\{0} ; a+ = -a-. TTien */ie /VP i TH]) with r = is LWP for data u , v E H S (M.). 

3.5. Future Work. Suppose a, a' E M\ {0} and \a\ \a'\. We remark that an 
interesting problem for a future research is to determine whether or not Proposition 
13.21 is still true when we replace the super-indices 1 by a and —1 by a'. We point 
out that this result (in general) is not an immediate consequence of the calculations 
we did here for proving Propositions 13.11 or 13.21 or from the calculations done in 
[13] to prove Corollary 2. 7- [13] ■ This result would let us to prove LWP for the 
Gear-Grimshaw system (|3.ip with r = 0, when ayi — 021 = 0, \au\ ^ \a22\t and 
an,fl22 S M \ {0}. Moreover, if this result is true, we also could obtain LWP for 
system (|3.ip with r — 0, when A = (oy) ~ diag(a+, a_), where a+ and a_ are the 
eigenvalues of A with Gl\ {0}, \a + \ ^ 

4. Appendix 

Here we prove some properties of X" b -spaces. 
Lemma 4.1. Let b > 0, s E M, and ao, a\ as in Lemma \3.1{ Then for all a 

x % nX % cX h> and 

\\u\\xi <b < C(o,oo,oi,6)(l|w|lx*° + IMIx^)- 

First proof. Let v be an element of X^° b n ^"J,- Then 

4 4 
Nix- = £ / (0 2s (^ + < 3 > 2fc |«(e,r)| 2 ^r = ^/ J , 

where 

Ai = {&r);£ > 0,t > 0}, ^ = {(£,t);£ < 0, r < 0}, 
A 3 = {(£,t);£>0,t < 0}, A 4 = {(£, r); £ < 0, r > 0}. 

We consider the case a > 0, ao > 0, and a\ < 0; a similar argument works in the 
other cases. It is not difficult to prove, considering regions A\ and A2, that 

/ a \ 2b 

/i + / 2 <2(i + — ) imi^o . 

V an/ =.i> 
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To estimate I3 and I4 we consider 
\r + ae\ < \r + a Q e\ 



OoC - 1 j-T 



\ai\ 



therefore 

a + a s 

R 

Second proof. We claim that for all x, r G R, we have 



3 + /4<c 6 (l + ^)Vll^o+||«||^) 



1 + |r + ax| 



< 



a — ao 



(1 + |t + aox|) + (1 + |r + aix|) \oi — a 
We will first prove that for all £ > and t G R, 



J(£,i) = 



\t + a\ 



< 1 



|a- ao I 



K+|* + ao|) + (C + l* + ai|) loi-ool 
Since 

£ + |t + o| < £ + |f + a +a - o 1 < £ + |t + a | + |o — a |, 
it follows that 

\a-a \ ^ 1 , |a- a | 



(4.1) 



(4.2) 



J(£,f)<l + 



< 1 



(f+|* + ao|) + (£+|* + ai|) " |* + ao| + |* + oi|" 
Taking t = x — (ao + a\)/2, cq = (ai — ao)/2 and x = it) cq, we see that 



1 



1 



< 



1 



1 



\t + <z | + \t + oi| |x - c | + |x + c | ~ |c | |io - 1| + |io + 1| 
Since the function 

l/(2u;) if to > 1, 

/M 



1 



|to- 1| + \w + 1| 



1/2 if -1 < to < 1, 

-l/(2w) if «;<-!. 



satisfies < /(10) < 1/2, (O follows. To prove gT]) we take £ = l/|x| and t = r/x 
into P~2"]) . Hence 

6 



a — ao 
ai - a 



(||«|| x »o + IML°i) 



□ 



Thus we can define X^ ai = X^° b n I" 1 ,, with norm given by ||w||x a ° 6 ai = 
||w|lx a ° + IMUx" 1 j for > 0, s £ R, and ao, a% G R\ {0} such that a 7^ a%. 

Corollary 4.1. Let b > and s G R. Let ao, ... ,03 fee nonzero real numbers such 
that ao 7^ ai , 02 7^ 03. Then 

Moreover, there exist constants cq = co(ao, . . . , 03, 6), ci = ci(ao, . . . , 03, 6) > 0, 
smc/i £/ia£ 

c |Hlx°°/ ai < \\w\\ x «2,° 3 < ci ||w|| x a .«i. 
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Remark 4.1. Suppose b > and s e R. If ip e ff b (M) and w € ff s+3b (K) ; tfien 
V»(t)uo(a:) G 1 sfi - 
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